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Abstract 

We build a supersymmetric model of quark and lepton masses based on the discrete 
flavour symmetry group T', the double covering of A4. In the lepton sector our model 
is practically indistinguishable from recent models based on A4 and, in particular, it 
predicts a nearly tri-bimaximal mixing, in good agreement with present data. In the 
quark sector a realistic pattern of masses and mixing angles is obtained by exploiting 
the doublet representations of T', not available in A4. To this purpose, the flavour 
symmetry T' should be broken spontaneously along appropriate directions in flavour 
space. In this paper we fully discuss the related vacuum alignment problem, both 
at the leading order and by accounting for small effects coming from higher-order 
corrections. As a result we get the relations: y^md/rris ~ |14s| and y^md/rris ~ 
\Vtd/Vts\. 
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1 Introduction 



It is a remarkable fact that, despite an intense and continuous theoretical effort over many 
years, our understanding of fermion masses and mixing angles remains at a very primitive 
level. Our theoretical constructions clearly suffer from the lack of a guiding principle and 
we can only replicate variants of very few basic ideas. Perhaps one of the most fruitful ideas 
in the field is the one by Froggatt and Nielsen (FN) yy, who advocated a spontaneously 
broken flavour symmetry to account for the small mass ratios and the small mixing angles 
characterizing the quark sector. This idea was originally formulated with a U(l) flavour 
symmetry group, broken by the vacuum expectation value (VEV) of a single scalar field, but 
it has been subsequently extended and adapted to a large variety of symmetry groups, with 
more elaborated symmetry breaking patterns. While the original U(l) flavour symmetry is 
still a viable candidate to reproduce, at least at the order-of-magnitude level, both quark 
and lepton masses and mixing angles |2], models based on the discrete symmetry group 
A4 [3HZ] have been recently singled out as good candidates to explain the approximate 
tri-bimaximal (TB) mixing [8] observed in the lepton sector. As a matter of fact the range 
for the lepton mixing angles, as determined from a global flt to neutrino oscillation data, 
is given by {2a errors) [9]: 

sin^ 012 = 0.314(1+°:}^) , sin^ 623 = 0.45(1;°^^) , sin^ = O.S+^J x IQ-' , (1) 

and it is perfectly compatible with a TB mixing: 

sm'el,^ = l , sin^C3^ = l , sin^^f3^ = (2) 

Given the present experimental uncertainties, the agreement is not so impressive as far as 
623 and ^13 are concerned, but it is certainly striking for the angle 612'- 

ef/ = 35.3° 9,2 = {Si.ltllf (la) (3) 

given the small la error, less than 0.04 rad ~ A^, A ~ 0.22 being the Cabibbo angle. 
Measurements in a near future will bring down the precision/sensitivity on 623 and ^13 to 
a similar level [10] , thus providing a stringent test of the TB mixing scheme. 

It is well-known by now that, by working in the framework of a FN model, the only way 
to achieve TB lepton mixing is to set up an appropriate vacuum alignment mechanism. 
The starting point is a flavour symmetry group F, spontaneously broken by the VEVs of a 
set of scalar flelds. Neutrino masses and charged lepton masses should be mainly sensitive 
to two separate sets of scalar flelds, whose VEVs break the symmetry F down to two 
different subgroups. This VEV misalignment can produce the TB mixing, at the leading 
order. A complete separation between VEVs affecting neutrino masses and charged lepton 
masses is however impossible, since a mixing is generally induced at some level by higher 
dimensional operators allowed by the symmetries of the model. Such a mixing can be kept 
under control if the typical expansion parameters, the dimensionless ratios between the 
VEVs and the cut-off of the theory, are sufficiently small. Along these lines it is possible 
to construct a model reproducing the TB mixing, perturbed by small corrections, below 
the A^ level. 
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Perhaps the simplest examples of this kind of models are those based on the flavour 
symmetry group ^4, the group of even permutations of four objects, also equal to the 
group of proper rotations leaving a regular tetrahedron invariant. This group is small, it 
has only 12 elements and four inequivalent irreducible representations: a triplet one and 
three independent singlets 1, 1' and 1". Lepton SU(2) doublets k {i = e,fi,T) are assigned 
to the triplet A4 representation, while the lepton singlets e'^, and are assigned to 1, 1" 
and 1', respectively. The symmetry breaking sector consists of scalar fields neutral under 
the SM gauge group: {ipxiVSiOi transforming as (3,3,1) of ^44. Additional ingredients 
are needed in order to reproduce the desired alignment. The simplest version of the model 
is supersymmetric (though SUSY is not really necessary to achieve the alignment) and 
possesses an additional Z3 discrete symmetry that eliminates unwanted operators. The 
key feature of the model is that the minimization of the scalar potential at the leading 
order, that is by neglecting higher dimensional operators, leads to the following VEVs: 

(<^t)(x (1,0,0) , (^5) oc (1,1,1) , (O^O . (4) 

In the basis chosen for the generators of ^4, these VEVs imply a diagonal mass matrix in 
the charged lepton sector. In this sector the relative hierarchy between me, and 
can be controlled by a FN U(l)i?7v flavour symmetry. At the same time, the neutrino mass 
matrix gives rise to the TB mixing, independently from the values of the free parameters, 
which, in a finite portion of the parameter space, only affect the neutrino mass eigenvalues. 
Of course, while the specific form of neutrino and charged lepton mass matrices does depend 
on the basis chosen, the physical properties of the system, such as the mass eigenvalues 
and the mixing angles, are basis independent features. 

It would be desirable to extend this construction to the quark sector, thus reahzing a 
coherent description of all fermion masses, but the simplest extrapolations explored so far 
turn out to be unrealistic. In the simplest possible extension, quark SU(2) doublets qi are 
assigned to the triplet A/^ representation, while the quark SU(2) singlets {u^,d'^), {c'^,s^) 
and {t^,b^) are assigned to 1, 1" and 1', respectively. Then, given the VEVs in eq. (jl]), 
and taking into account the additional Z3 symmetry, at the leading order the quark mass 
matrices in the up and down sectors are both diagonal and the quark mixing matrix Vckm 
is the unity matrix. Subleading corrections, coming from higher- dimensional operators 
contributing to quark masses were analyzed in ref. [B] and are too small. A possible way 
out might be to consider new sources of symmetry breaking. This can consist in an explicit 
breaking [IT] , which however does not allow a complete control of the model and introduces 
a high degree of arbitrariness. Otherwise it can be realized by extending the symmetry 
breaking sector, by allowing for some new scalar fields, whose VEVs could substantially 
contribute to the quark sector, giving rise to a realistic Cabibbo angle A. The difficulty 
with such an option is that these new scalar fields tend to affect also the lepton sector, 
giving rise to too large, unacceptable, corrections to the TB mixing pattern. Finally, a 
disturbing feature of this construction is that the mass of the top quark comes from a 
non-renormalizable operator, as for all the other fermions. This is against expectation, 
since in the SM the Yukawa coupling of the top quark is of order one. To reproduce 
such a Yukawa coupling from a non-renormalizable operator we should introduce large 
dimensionless couplings, which is unnatural. A discussion about the symmetry breaking 
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pattern suitable to produce realistic mixing angles in the quark sector can be found in 
ref. Hg. 

In the present paper we explore a different possibility, by considering as a starting point 
of our FN construction, the T' group, the double covering of A4. The relation between T' 
and Ai is quite similar to the familiar relation between SU(2) and S0(3). In particular, 
SU(2) and SO (3) possess the same Lie algebra, but SO (3) has only integer representa- 
tions, while SU(2) possesses both integer and half-integer representations. Similarly, the 
representations of T' are those of plus three independent doublets 2, 2' and 2". By 
working only with the triplet and singlet representations, T' is indistinguishable from A4. 
This allows to replicate with T' the successful construction realized within A4 in the lepton 
sector. At the same time, the presence of the doublet representations can be exploited 
to describe the quark sector. It is natural to assign quarks to a reducible singlet plus 
doublet representation. This has several advantages. By assigning the third generation 
to a singlet representation the top quark can acquire mass already at the renormalizable 
level. Moreover, by using doublets to describe quarks of first two generations, the VEVs 
in eq. provide masses for the charm and the strange quarks, which are conveniently 
suppressed with respect to the top and bottom masses. The mixing between second and 
third generations can be induced by the VEV of a T' scalar doublet, whose effects do not 
modify the TB mixing in the lepton sector. First generation masses and mixing angles 
can arise through subleading effects. Actually, the whole picture in the quark sector is 
very similar to that detailed in a series of papers [13] exploiting the T' group and it is also 
very close to that emerging from the study of another popular FN group, U(2) |T3]. In 
our paper we will combine the good known features of the old U(2) and T' constructions 
for the quark sector, with the ability of T' in reproducing the TB mixing in the lepton 
sector [15]. Such a combination is far from trivial and is not exhausted by a list of particle 
representations. On the contrary, the key point is represented by the study of the vacuum 
alignment problem. With an enlarged symmetry breaking sector we will analyze, both at 
the leading and at the subleading level the symmetry breaking pattern of T' and we will 
explicitly check the existence of a finite portion of the parameter space that gives rise to TB 
lepton mixing and to a realistic pattern of quark masses and mixing angles. Eventually we 
get a very appealing group theoretical interpretation of the difference between quark and 
lepton mixing angles. Large lepton mixing angles correspond to a breaking of the flavour 
symmetry group down to two different subgroups in the neutrino and in the charged lepton 
sectors. Small quark mixing angles arise from the breaking of the flavour group along the 
same subgroup both in the up and in the down sectors. In our model the gauge group is 
that of the Standard Model. For recent attempts to incorporate quarks in a grand unified 
picture with flavour symmetry A4, see ref. [TB] . 

2 The group T' 

Our model is based on the flavour group F = T' x ... where T' is the binary tetrahedral 
group [17] that we will describe in this section and dots denote some additional group 
factor that we will specify later on. The key role in our construction is played by the 
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Table 1: Character table of the group T' taken from [TJ". a; is the third root 
of unity, i.e. u = = — ^ + i-^. Ci are the classes of the group, °Ci is 
the order of the i^^ class, i.e. the number of distinct elements contained in 
this class, °hci is the order of the elements A in the class Ci, i.e. the smallest 
integer (> 0) for which the equation A '^'^i — 1 holds. Furthermore the table 
contains one representative for each class Ci given as product of the generators 
5 and T of the group. 

T' group that is literally the double covering of the tetrahedral group A4. The relation 
between T' and can be understood by thinking of A4, the group of proper rotation in the 
three-dimensional space leaving a regular tetrahedron invariant, as a subgroup of SO (3). 
Thus the 12 elements of are in a one-to-one correspondence with 12 sets of Euler angles. 
Now consider SU(2), the double covering of S0(3), possessing "twice" as many elements 
as S0(3). There is a correspondence from SU(2) to S0(3) that maps two distinct elements 
of SU(2) into the same set of Euler angles of SO (3). The group T' can be defined as the 
inverse image under this map of the group ^4. 

The group T' has 24 elements and has two kinds of representations. It contains the 
representations of A^: one triplet 3 and three singlets 1, 1' and 1". When working with these 
representations there is no way to distinguish the group T' from the group A4. In particular, 
in these representations, the elements of T' coincide two by two and can be described by 
the same matrices that represent the elements in A/^. The other representations are three 
doublets 2, 2' and 2". The representations 1', 1" and 2', 2" are complex conjugated to each 
other. Note that A^ is not a subgroup of T', since the two-dimensional representations 
cannot be decomposed into representations of A^^. The character table is shown in Table 
[TJ The generators S and T fulfill the relations: 

where IR = 1 in case of the odd-dimensional representation and IR = — 1 for 2, 2' and 2" 
such that IR commutes with all elements of the group. From Table 1 we see that, beyond the 
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center of the group, generated by the elements E and IR, there are other abehan subgroups: 
Z3, Z4 and Zq. In particular, there is a subgroup here denoted by Gs, generated by the 
element TST"^ and a Z^ subgroup here called Gy, generated by the element T. As we will 
see Gs and Gt are of great importance for the structure of our model. Realizations of 5* 
and T for 2, 2', 2" and 3 can be found in the Appendix A and are taken from [13]. 
The multiplication rules of the representations are as follows: 

1« (g) = (g) 1" = r"-^^ for r = 1, 2 

r®3 = 3®r = 3 

2« ® 2'' = 3 © 1"+^ (6) 
2« ® 3 = 3 ® 2" = 2 © 2' © 2" 
3©3 = 3©3©1©1'©1" 

where a,b = 0, ±1 and we have denoted 1° = 1, 1^ = 1', 1^^ = 1" and similarly for 
the doublet representations. On the right-hand-side the sum a + 6 is modulo 3. The 
Clebsch-Gordan coefficients for the decomposition of product representations are shown in 
the Appendix A and were already calculated in [T3j. Further synonyms of T' are Type 
24/13 dZ] and SLslFg) |I5]. 



3 Outline of the model 

In this section we introduce our model and we illustrate its main features. We choose the 
model to be supersymmetric, which would help us when discussing the vacuum selection 
and the symmetry breaking pattern of T'. The model is required to be invariant under a 
flavour symmetry group F = T' x Z3 x U(l)^jy. The group factor T' is the one responsible 
for the TB lepton mixing. The group T' is unable to produce all the necessary mass 
suppressions for the fermions. These suppressions originate in part from a spontaneously 
broken U(l)i?jv, according to the original FN proposal. Finally, the Z^ factor helps in 
keeping separate the contributions to neutrino masses and to charged fermion masses, and 
it is an important ingredient in the vacuum alignment analysis. The fields of the model, 
together with their transformation properties under the fiavour group, are listed in Table 
2. 
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Table 2: The transformation rules of the fields under the symmetries associated to the groups T', Z3 and 
U(l)_FAr- We denote Dq = {q\^q-if where q\ = {u, dy and 92 = (c, s)* are the electroweak SU(2) doublets of 
the first two generations, — (m^, c'^Y and = (d^, s'^)*. Dq, and D'^ are doublets of T'. = {t, bY 
is the electroweak SU(2) doublet of the third generation. (73, and b'^ are all singlets under T'. 
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3.1 Pattern of symmetry breaking 

The most important feature of our model is the pattern of symmetry breaking of the 
flavour group T' . We will see that, at the leading order, T' is broken down to the subgroup 
G5, generated by the element TST^, in the neutrino sector and to the subgroup Gt, 
generated by T, in the charged fermion sector. This pattern of symmetry breaking is 
achieved dynamically and corresponds to a local minimum of the scalar potential of the 
model. This result is already sufficient to understand the predicted pattern of fermion 
mixing angles. Indeed, given the T' assignment of the matter fields displayed in Table 2 
and the explicit expressions of the generators 5* and T for the various representations (see 
Appendix A), specific mass textures are obtained from the requirement of invariance under 
TST"^ or T. For instance, neutrinos are in a triplet of T' and the element TST"^ in the 
triplet representations is given by: 



TST^ = -2-12. (7) 




The most general mass matrix for neutrinos invariant under G5, in arbitrary units, is given 
by: 

(a + c —b/3 — c + d —6/3 
—b/3 — c + d c a — 6/3 

-6/3 a - 6/3 d 

where a, 6, c and d are arbitrary parameters. Similarly, the most general mass matrices 
for charged fermions invariant under Gt have the following structure: 

/ X \ 

me = X (9) 
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mu,d= X X (10) 
V X X / 

where a cross denotes a non-vanishing entry. The lepton mixing originates completely 
from rriu and, with an additional requirement, reproduces the TB scheme. This additional 
requirement is the condition c = d, which is not generically implied by the invariance under 
Gs- In our model the fields that break T' along the Gs direction are a triplet (fs and an 
invariant singlet ^. There are no further scalar singlets, transforming as 1' or 1" that couple 
to the neutrino sector. We will see in a moment that due to this restriction our model gives 
rise to a particular version of the neutrino mass matrix in eq. (|8]), where c = d = 26/3, 
which implies directly a TB mixing. It is interesting to note that, while the requirement of 
Gt invariance implies a diagonal mass matrix in the charged lepton sector, this is not the 
case for the quark sector, due to the different T' assignment. At the leading order, in both 
up and down sectors, we get mass matrices with vanishing first row and column, eq. flTUl) . 
Moreover, the element 33 of both mass matrices is larger than the other elements, since it 
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is invariant under the full T' group, not only the Gt subgroup. The other non-vanishing 
elements carry a suppression factor originating from the breaking of T' down to Gt- This 
pattern of quark mass matrices, while not yet fully realistic, is however encouraging, since 
it reproduces correctly masses and mixing angle of the second and third generations. As we 
will see, the textures in eqs. (IHlQfTOj) are modified by subleading effects. These effects are 
sufficiently small to keep the good feature of the leading order approximation, and large 
enough to provide a realistic description of the quark sector. 
Fermion masses are generated by the superpotential w. 

W = Wi+Wg + Wd (11) 

where wi is the term responsible for the Yukawa interactions in the lepton sector, Wg is 
the analogous term for quarks and is the term responsible for the vacuum alignment, 
which will be discussed in the next section. We will consider the expansion of w in inverse 
powers of the cut-off scale A and we will write down only the first non-trivial terms of this 
expansion. This will provide a leading order approximation, here analyzed in detail. Cor- 
rections to this approximation are produced by higher dimensional operators contributing 
to w, which will be studied subsequently. As we will see in section 4, at the leading order, 
the scalar components of the supermultiplets v?t, V^5, ^, V and ^" develop VEVs 

{ips) = ivs,vs,vs) , (0=w , (0 = , (12) 

{^t) = {VT,0,0) , {v) = {vuO) , (0 = . (13) 

These VEVs can be very large, much larger than the electroweak scale. In section 4 we 
will see that it is reasonable to choose: 

^«A^ . (14) 

where VEV stands for the generic non- vanishing VEV in eq. fll2|13p . Since the ratio in 
eq. (|T^ represents the typical expansion parameter when including higher dimensional 
operators, the choice in eq. ( IT^ keeps all the leading order results stable, up to correction 
of relative order A^. There is a neat misalignment in flavour space between (ipr), (v) and 
{fs)'- {fx) = {vt, 0, 0), (77) = (fi, 0) and (^") = break T' down to the subgroup Gt, while 
ifs) = {'^s,'Vs,vs) breaks T' down to the subgroup G5. It is precisely this misalignment 
the origin of the mass textures in eqs. flHlQfTOj) . 

A certain freedom is present in our formalism and this can lead to models that are 
physically equivalent though different at a superficial level, when comparing VEVs or mass 
matrices. One source of freedom is related to the possibility of working with different bases 
for the generators 5* and T. Another source of freedom is related to the fact that vacua 
that break T' are degenerate and lie in orbits of the flavour group. For instance, when we 
say that the set of VEVs in eq. ( 1T3|) breaks T' leaving invariant the Z3 subgroup generated 
by T, VEVs obtained from this set by acting with elements of T' are degenerate and they 
preserve other Z3 subgroups of T'. Both these sources of freedom can lead to mass matrices 
different than those explicitly shown in eqs. (ISf^pi?]) . It is however easy to show that the 
different "pictures" are related by field redefinitions and the physical properties of the 
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system, such as the mass eigenvalues and the physical mixing angles, are always the same. 
Thus it is not restrictive to work in a particular basis and to choose a single representative 
VEV configuration, as we will do in the following. 



3.2 Leptons 

Lepton masses are described by wi, given by: 

wi= yee%(pTl)hd/A + y^fi'{^Tiyhd/A + yrr''{vTl)"hd/A+ ^ ^ 

(15) 

{xa^ + XaOWKhu/A^ + Xb{(psll)huhu/A^ + h.o. 

where here and in the following formulae h.o. stands for higher dimensional operators. 
After electroweak symmetry breaking, (hu^d) = Vu^, given the specific orientation of {(fT) oc 
(1, 0, 0), wi gives rise to diagonal mass terms for charged leptons: 

The T' symmetry, as was the case for A4, is unable to produce the required hierarchy 
among rrie, and TUr and, to this purpose, we make use of an additional spontaneously 
broken \]{1)fn fiavour symmetry. We introduce a new supermultiplet 6, carrying \]{1)fn 
charge —1 and neutral under all other symmetries. Its non- vanishing VEV, {0)/A < 1 
breaks U{1) fn and provides an expansion parameter for charged lepton masses. We also 
assign U(l) fn charges (2n, n) to the fields (e'^, /i^). All other lepton fields are taken neutral 
under this abelian symmetry. In this way yr ~ 1, ~ {{9) /A)"', y^ ~ ((6')/A)^"' and the 
mass hierarchy can be reproduced by choosing 

{o)Y 



A 



y . (17) 



All the information about lepton mixing angles is encoded in the neutrino mass matrix 
that can be easily evaluated from eq. ( TTH) : 




a + 26/3 -6/3 
= ^ I -6/3 26/3 
-6/3 a -6/3 

where 

a = Xaj^ , b = Xb^ . (19) 

Notice that rrii, is not the most general mass matrix invariant under Gs, eq. ([S]). This is 
due to the absence of fields transforming as 1' and 1" under T', developing non-vanishing 
VEVs and directly contributing to m,^. The neutrino mass matrix is diagonalized by the 
transformation: 

f/^m^f/ = -^diag(a + 6, a, -a + 6) , (20) 

with 



v/273 1/^3 
U= I -1/VQ 1/Vs -I/V2 I . (21) 

-1/V6 i/Vs +1/V2 
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Therefore the TB mixing of eq. (|2]) is reproduced, at the leading order. For the neutrino 
masses we obtain: 



\mi\ 



"^2 



-r + 



8cos2 A(l - 2r) 
1 



Am 



atm 



8cos2A(l -2r)^'"'*™ 



1 - r + 



1 



8cos2 A(l - 2r) 



Am 



atm 1 



(22) 



where r = Am^^^/Am^^^ = (|w^2p — |"^iP)/(|^3p — l^^iP), ^^Itm = l"^3p and 
A is the phase difference between the complex numbers a and b. For cos A = —1, we have 
a neutrino spectrum close to hierarchical: 

Imsl^ 0.053 eV , |mi| ^ jms] 0.017 eV . (23) 

In this case the sum of neutrino masses is about 0.087 eV. If cos A is accidentally small, the 
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Figure 1: On the left panel, sum of neutrino masses versus cos A, the phase difference between a and 
b. On the right panel, the lightest neutrino mass, mi and the mass combination rriee versus cos A. To 
evaluate the masses, the parameters \a\ and \b\ have been expressed in terms of r = Am^Qj/Am^f^ = 
(|m2p — |TOip)/(|m3p — and Am^^^ = \m^\'^ — |mip. The bands have been obtained by varying 

Am^(„ in its 3(t experimental range, 0.0020 eV ^ 0.0032 eV. There is a negligible sensitivity to the 
variations of r within its current 3 a experimental range, and we have realized the plots by choosing 
r = 0.03. 

neutrino spectrum becomes degenerate. The value of \mee\, the parameter characterizing 
the violation of total lepton number in neutrinoless double beta decay, is given by: 



irrip 



1 + 4r 



+ 



1 



9 8cos2A(l-2r) 



Am 



atm 



(24) 
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For cos A = — 1 we get \mee\ ~ 0.005 eV, at the upper edge of the range allowed for normal 
hierarchy, but unfortunately too small to be detected in a near future. Independently from 
the value of the unknown phase A we get the relation: 

|m3p = |meeP + yAm^,^(l-0 , (25) 

which is a prediction of our model. In Figure 1 we have plotted the neutrino masses 
predicted by the model. All the results listed above coincide with those obtained in the 
A4 models of ref. [5H7], at the leading order in the VEV expansion. We will see that, 
when higher order effects are included, these results are modified by terms of relative order 
VEV/A. If this parameter is of order A^, as assumed in eq. (JH]), we have a stable TB 
mixing in the lepton sector. 



3.3 Quarks 

The contribution to the superpotential in the quark sector is given by 

u^q = yt (t'^qs) K + yb (b'^qs) hd + 

y2 i"{DlD,yK/k + y, ^"{D^D.yha/A + (26) 
{^3 nvDg) + y, {DlT^)q^}KIK + {y^ b^i^D,) + y^ {D'',T^)q-,}hJ K + 
+h.o. 

Observe that the supermultiplets (ps-, ^ and S,-, which control the neutrino mass matrices, 
do not couple to the quark sector, at the leading order. Conversely, the supermultiplets 
(^Ti V and C,", which give masses to the charged fermions, do not couple to neutrinos at 
the leading order. This separation is partly due to the discrete symmetry, described in 
Table 2. By recalling the VEVs of eq. ( TT2][T3|) . we can write down the mass matrices for 
the up and down quarks: 

) 

mu=\ yiV^/A y^vi/A | w„ + ... (27) 

Vsvi/A yt 


md=\ v^vt/A Vsvi/A \vd + :. (28) 
yrVi/A yt 

where dots stand for higher order corrections. These mass matrices are the most general 
ones that are invariant under Gt, see eq. (ITOj) . The following quark masses and mixing 
angles are predicted, at the leading order: 



m„ = , m^^yiVuVT/A , 
md = , nis^y^VdVT/A , 

= , K6 = , Kb 





~ ytVu 


nib 


~ VbVd 


m _ 


2/3 \ Vl 


yb 


yt) A 



(29) 
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If the dimensionless coefficients yb and are of the same order of magnitude, the ratio 
iTLs/mb is correctly reproduced since it is approximately given by f^/A and this ratio has 
been chosen of order A^, see eq. ffn|) . To reproduce rric/mt a further suppression is needed. 
This can be achieved by the usage of the ^{VjFN symmetry by assigning a charge n to the 
T' doublet D'^. In this way the parameters yi, y2 and y^ are of order ((0)/A)" ^ A^, and 

. (30) 

The mass of the top quark is expected to be of the order of the VEV Vu and then yt is 
naturally of 0{1). On the other hand, the mass of the bottom quark should be smaller 
than mt and be close to m,-. This is easily achieved by exploiting the U(l)i?Ar symmetry, 
assigning a charge n to the T' singlet If: as a result yh is of order ((6')/A)" ^ A^. Note that 
as a consequence in our model small and moderate values of tan/3 = f„/fd are preferred. 
To preserve the ratio ms/mf,, we need 1/5 ~ A^ as well that can originate if also the T' 
doublet D'^ has a 'U{1)fn charge n. With this assignment of the FN charges, all the 
Yukawa couplings in the down quark sector are suppressed and of order of A^. Concerning 
the mixing, the element Vcb is of order Vi/A ~ A^, reproducing the experimental data well. 
Masses and mixing angles are however still unrealistic, since m„/mc, rrid/ms, Vub and Vus 
are vanishing, at this level. We will see that all these parameters can be generated by 
higher order corrections, in particular those affecting the VEVs in eq. fll2lll3p . 



4 The vacuum alignment at the leading order 

In this section we will discuss the minimization of the scalar potential of the model. To this 
purpose we should complete the definition of the superpotential w by specifying the last 
term in eq. flTTl) . This is the term responsible for the spontaneous symmetry breaking of T' 
and it includes a new set of fields, the 'driving' fields, whose transformation properties are 
shown in Table 3. Along the lines described in ref. [6], we also exploit a U(l) R-symmetry 



Field 






e 


^0 




r 


3 


3 


1 


2" 


1' 


^3 


1 


u 


OJ 


1 


1 



Table 3: The transformation rules of the driving fields under the symmetries associated to the groups T' , 

of the theory. All 'matter' supermultiplets, those describing quarks and leptons, have R- 
charge 1, while all supermultiplets that will develop a VEV, like /i^^^, ^s^t-, ^, ^, V and 
6, have vanishing R-charges. Driving fields have R-charge 2 and their contribution to the 
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superpotential reads: 



+ 93 e i^s ^s) + 9a e e +9^^^+ 9^ e ~e 

+ Mr,{'nrf)+g^{ipTr,rP) 

+ M^e."i"' + g,,i'\^T^T)" + \^.o. (31) 

We start by analyzing the scalar potential in the supersymmetric limit. We look for a 
supersymmetric vacuum as the solution to the equations: 

dw ~ 2gi 2 



92^^33 + ^{^32 - ^31^33) = 



dip's2 " ' 3 



92^^32 + -ir(^S3 - ^31^32) = 



3 

^ = 9^^" + 9^ii + 9%i'' + 93{^sl + '2^S2^33) = ^ (32) 
A^^. , 2^ , 2 ^ , t/' , • 2 



MlPtI + — (V^TI - ^T2^T3) +9lC VT2 + i 98Vi =0 



•9^^ ,^ , 25- , 2 



^V^TS + -IT ('fT2 - 'PT1^T3) + 9i^" ^Tl + (1 " fi'8 ^1 = 



^</'r2 3 
dw 2 g 2 /-n 2 

o = Mv3t2 + — (V^TS - V5T1V'T2) +5'7 4 V^T 3 + 5-8 ^?2 = 
O ^T3 

— -Q = -Mr^ri2 + 9% {{I- i) 7]! (PT 3-^2 '^Tl) =^ (33) 
y; 

— = M^?7i - 5(9 ((1 +i)?72V5T2 + V^Tl) = 
^ UJ 

—— = M^^" + ^io(</?|2 + 2v^Tl</'T3) =0 

Concerning the first set of equations, eq. (l32l) . there are flat directions in the SUSY limit. 
We can enforce (^) = by adding to the scalar potential a soft SUSY breaking mass term 
for the scalar field ^, with > 0. In this case, in a finite portion of the parameter space, 
we find the solution 

iO = 

(0 = u 

(fs) = {vs,vs,vs) , vl = -^u'^ (34) 

with u undetermined. By choosing m^^,m| < 0, then u slides to a large scale, which we 
assume to be eventually stabilized by one-loop radiative corrections in the SUSY broken 
phase. The VEVs in eq. fl34|) break T' down to the subgroup Gs- 
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Concerning the last six equations, eq. f l33|) . by excluding the trivial solution where all 
VEVs vanish, in the SUSY limit we find three classes of solutions. One class preserves the 
subgroup Gs, as for the set of VEVs given in eq. flMl) . It is characterized by {^") ^ and 
(77) = 0. A representative VEV configuration in this class is: 

(r) = -- , (^) = (0,0) , l,^T.) = {yT.VT.VT) , vl=^^ .(35) 

The second class preserves a subgroup Zq generated by the elements T and R. It is char- 
acterized by (^") = and {1]) = 0: 

(e") = , (r?) = (0,0) , {^t) = {VT,0,0) , ^^ = -^ (36) 

The third class preserves the subgroup Gt- It is characterized by = and {rj) 7^ 0: 
(e") = , (r/) = ±K,0) , {^t) = {VT,0,0) 

1 t Mr, (3'^) 

v^ = =Ji{2M^g + 3MMr,g,) , vt = ^ . 

The three sets of minima in eqs. (135|) . (136|) and (1371) are all degenerate in the SUSY limit 
and we will simply choose the one in eq. ( 137|) . We have checked that, by adding soft 
masses m|„ > 0, < 0, the desired vacuum is selected as the absolute minimum, thus 
reproducing the result in eq. f ll2|[T^ . In summary, we have shown that the VEVs in 
eqs. f lT2l[T3|) represent a local minimum of the scalar potential of the theory in a finite 
portion of the parameter space, without any ad hoc relation among the parameters of the 
theory. As we will see in the next section, these VEVs will be slightly perturbed by higher 
order corrections induced by higher dimensional operators contributing to the 'driving' 
potential Wd- Such corrections will be important to achieve a realistic mass spectrum in the 
quark sector. Finally, concerning the numerical values of the VEVs, radiative corrections 
typically stabilize u and vs well below the cut-off scale A. Similarly, mass parameters in 
the superpotential Wd can be chosen in such a way that Vi and vt are below A. It is not 
unreasonable to assume that all the VEVs are of the same order of magnitude: 

VEV ^ A^A . (38) 



5 Higher order corrections 

The inclusion of higher order corrections is essential in our model. First of all, from these 
corrections we hope to achieve a realistic mass spectrum in the quark sector. The leading 
order result is encouraging, but quarks of the first generation are still massless at this 
level and there is no mixing allowing communication between the first generation and the 
other ones. Moreover we should check that the higher order corrections do not spoil the 
leading order results. At the leading order there is a neat separation between the scalar 
fields giving masses to the neutrino sector and those giving masses to the charged fermion 
sector. As a result the T' fiavour symmetry is broken down in two different directions in the 
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two sectors: neutrino mass terms are invariant under the subgroup Gs, while the charged 
fermion mass terms are invariant under the subgroup Gt- It is precisely this misalignment 
the source of the TB lepton mixing. Such a sharp separation is not expected to survive 
when higher dimensional operators are included and this will cause the breaking of the 
subgroup Gs (Gt) in the neutrino (charged fermion) sector. It is important to check that 
this further breaking does not modify too much the misalignment achieved at the leading 
order and that the TB mixing remains stable. 

The corrections are induced by higher dimensional operators, compatible with all the 
symmetries of our model, that can be included in the superpotential w, thus providing 
the next terms in a 1/A expansion. It is convenient to discuss separately the higher order 
contributions to wi, Wq and Wd- 

5.1 Corrections to wi 

The leading operators giving rise to mi are of order 1/A (see eq. f|T5|) ). At order (1/A)^ 
there are no new structures contributing to mi. Indeed, at this order the new invariant 
operators are: 

{ri^T^T)hd/A' , {rivv)hd/A' , im"^T)hd/A' , {r = e^,ii',T^) (39) 

Either they vanish because {^") = or they replicate the leading-order pattern. The 
leading operators contributing to m^, are of order 1/A^ (see eqs. (I15fl8|19p ). At the next 
order we have two operators that vanish due to {^") = 0: 

emyhi/A' , ei^si^yki/A' , (4o) 

and three new operators, whose contribution to m^, after symmetry breaking, cannot be 
absorbed by a redefinition of the parameters Xa,b'- 

{ipTips)'{ll)"Khu/A^ , {ipTipsT m'KK/A^ , i{ipTll)Khu/A' . (41) 

In addition to the above operators, there are also those obtained by replacing with S,'- 
they do not contribute at this order due to the vanishing VEV of S,- The combined effects 
of these operators and of the corrections to the vacuum alignment of eqs. fll2fl3l) were 
discussed in ref. Lepton masses and mixing angles are modified by terms of relative 
order A^. This correction is within the la experimental error for 9i2 and largely within 
the current uncertainties of ^23 and ^13. From the experimental view point, a small non- 
vanishing value ~ and a deviation from 7r/4 of order A^ of 6'23, are both close to the 
reach of the next generation of neutrino experiments and will provide a valuable test of 
this model. 

5.2 Corrections to Wq 

The higher dimensional operators contributing to Wq fall into two classes: those depending 
on some of the fields ipsi ^, ^ and those not depending on any of these fields. Leading 
operators in the first class are necessarily cubic in ips, ^, ^, due to the Z3 symmetry 
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given in Table 2. Therefore they will induce corrections to the quark mass matrices at 
maximum of order 1/A^. These corrections might be at maximum of order for the 
third row of m„, while at maximum of order A® for the other rows of m„ and for ma, due 
to the additional suppression due to the FN mechanism. As a result these corrections 
are completely negligible, with the exception of contributions of order A* to the 11 entry 
of both the quark mass matrices, which will arise anyway at this order in A also through 
other effects. Operators in the second class depend only on the T' breaking fields ifT, f] and 
whose VEV pattern, eq. ( TT^fT^ . leaves invariant the subgroup Gt- Since the quark 
mass matrices shown in eq. (125]) are already the most general mass matrices invariant 
under this subgroup, any higher order operator contributing to Wq and leaving T invariant 
after spontaneous breaking will predict the same textures of eq. fl28l) and its effect can be 
absorbed in a redefinition of the leading order coefficients. Therefore we do not need to 
consider explicitly the new, next-to-leading, operators contributing to the quark masses: 
either their effects are negligible or they can be absorbed in a redefinition of the existing 
parameters. In the quark sector all the effects modifying the leading order results come 
from the corrections to the VEVs in eq. fll2fl3p . 



5.3 Correction to Wd and to the vacuum alignment 

Finally we are left with the corrections to the VEVs due to higher dimensional operators 
contributing to Wd- We detail the discussion of this issue in the Appendix B. Here we 
only give the results. All the leading order operators in Wd are of dimension three. After 
inclusion of a complete set of operators of dimension four, the leading order VEVs 

(V9t) = (t^T, 0, 0) , {^s) = {.Vs.Vs.Vs) 

{i) = u , (0 = , (r]) = (t;i,0) , (0 = 

are shifted into 

(v^t) = {vt + <5fTi, 5vt2, Svts) , (v^s) = {vs + Svsi,vs + SVS2, vs + Svss) 

where all the corrections 6vTi, Svsi, Su, 6u" and 6vi are of order 1/A and, given the large 
number of input parameters, they can be considered as mostly independent. Since we 
typically have VEV/ A fa A^ at the leading order, we expect 

^^«A* . (44) 
in a finite portion of the parameter space. 



6 Quark masses and mixing angles 

As explained in section 5, the main effect of higher order corrections to quark masses comes 
from the modified VEVs, eq. (143|) . When we insert these VEVs in Wq, eq. ( l26i) . we get 
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new quark mass matrices: 



iyxbvTil^ + ••• (1 - i)yi5vTz/2X + y25u" / A -y^bv2l 

ruu = 1(1- i)?/i5t;T3/2A - y25u"/A yiVr/A y^vi/A 

-y36v2/A y?,Vi/A yt 

iy^5vT2/^ + - {l-i)y5SvT3/2A + ye6u"/A -ys5v2/A 

rud = I (1 - i)y->5vT?./2A - y^du" jA y^vr/A ysVi/A | Vd 

-yj5v2/A yiVi/A yb 

(45) 

where we have redefined vt + Svti — )■ vt and Vi + Svi — )■ Vi and the dots in the 11 entry of 
ruu and rud stand for additional contributions from higher dimensional operators. Not all 
the available parameter space is suitable to correctly reproduce the masses and the mixing 
angles of the first generation quarks. Indeed, by recalling that, generically, we expect 
6VEV/VEV ~ A^, we see that in this regime we would obtain, up to small corrections 

— = — = ^ A , (46) 

nis Vt 

which is not correct in the up sector. To overcome this difficulty we assume that the 
correction 5vt2 is somewhat smaller than its natural value: 

^-A^ . (47) 
Vt 

This brings the up quark mass in the correct range but depletes too much the down quark 
mass. To get the appropriate mass for the down quark we assume that the dimensionless 
coefficient y^ is not of its natural order A^, but enhanced by a factor 1/A: 

^g-A^i-A . (48) 

We cannot justify the two assumptions in eqs. ( H71B5]1 within our approach, where, in 
the absence of a theory for the higher-order terms, we have allowed for the most general 
higher-order corrections. From our effective lagrangian approach, they should be seen as 
two moderate tunings that we need in order to get up and down quark masses. To summa- 
rize, in our parameter space we naturally have yt and y^ of order one, while all other dimen- 
sionless parameters, with the exception of y^, are of order A^, due to the FN mechanism. 
Concerning the VEVs, we can naturally accommodate VEV/A ^ 5VEV/VEV ~ A^, 
with the exception of 5vt2- Within the restricted region of the parameter space where the 
two relations in eqs. fl47|48l) are approximately valid, the quark mass matrices have the 
following structures: 

A^ " 
m„ = I A« A^ 
A2 

= I A^ A2 A^ I X'vd 
A2 



3 ,4x (49) 



16 



By diagonalizing the matrices in eq. fH5|l with standard perturbative techniques we obtain: 







,Svt2 


TJlu ^ 


yiVu < 





1-i 



+ 



rrir. 



yiVu 



Vt 

A 



+ 0(A6) 



m ^ \ytVu\ + 0(A^) 



For the mixing angles, we get: 



rrib 



Vd 



yl5u 



112 



Vt 
1 

VbVdl +0{\ 



VbVd- 



(50) 



V, 



ud 



V ^ 



V* 



cd 



Vb 



y£\ i 

Vt 



Vtb 
1 -i 



A Vt 



1 

Vt 
1-i 



_ y2 Su" 

yi Vt 
Svt3 _ 
A 



yi A 



(51) 



-Vt 



ts 



Vb ytj A 



V, 



td 



ye 


( yi 




Vi6u" 


( yi 


_ m\ 




Kvb 


ytj 


vtA 


\yb 


yt) 



A 



where, when not exphcitly indicated, the relations include all terms up to O(A^). In the 
previous expressions, where all the quantities are generically complex, is possible to remove 
all phases except the one carried by the combination [y-j Iy\j — yj,ly^bv2l A which enters Vub 
and Vtd at the order A^. Notice that in our model Vub is of order A"^ whereas Vtd is of 
order A^. In the Wolfenstein parametrization of the mixing matrix, this corresponds to 
a combination p + irj of order A, which is phenomenologically viable. Notice that quark 
masses and mixing angles are all determined within their correct order of magnitudes and 
enough parameters are present to fit the data. Moreover, despite the large number of 
parameters controlling the quark sector, our model contains a well-known [12] non-trivial 
relation between masses and mixing angles: 



md 



IK. 



(52) 



Due to the approximate unitarity relation Vtd + V*gVts + V*fj = and due to the fact that 



Vub is of order A^ in our model, from the relation in eq. 



we also get: 




Vtd 

Vts 



(53) 



These relations coincide well with the data: from fT8] we have ^fmdjnis = 0.213 0.243, 
\Vus\ = 0.2257 ± 0.0021 and \Vtd/Vts\ = 0.208l[}:JJ[J^. Unfortunately, the theoretical errors 
affecting eqs. (152!) and (!53|) . dominated respectively by the unknown O(A^) term in Vus 
and by the unknown O(A^) term in Vtd, are of order 20%. For this reason, and for the large 
uncertainty on the ratio rrid/ms, it is not possible to turn these predictions into precise tests 
of the model. It is interesting to compare our predictions to those of early models of quark 
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masses based on U(2) or T' flavour symmetries [20]. They also predict eq. fl53|l . with a 
smaller theoretical error of order A^. Moreover, due to the characteristic two zero textures, 
in their early versions they predict a/w^u/w^c = iKib/Kftl? which is off by approximately a 
factor two. In our model the mass of the up quark depends on additional free parameters, 
that modify this wrong relation by a relative factor of order one. 

7 Conclusion 

We have built a SUSY model of fermion masses and mixing angles based on the flavour 
symmetry group T' x U(l)p,^ x Z3. In our model the key role is played by the discrete 
group T', the double covering of ^4. In the lepton sector our model maintains all the good 
properties of the models based on the symmetry group [3H7] . Indeed, since the group T' 
possesses the representations 1, 1', 1" and 3, in our model we can reproduce the construction 
made in refs. [SHZj and we obtain the same results for lepton masses and mixing angles. The 
main point of our whole paper is that the symmetry group T' allows to achieve a realistic 
description of quark masses and mixing angles without spoiling the results in the lepton 
sector. To describe quarks, we make use of the doublet representations of T', not available 
in Ai. As was done in previous models for quark masses based on T' and on U(2) [T3|fH]. 
we accommodate the first two generations of quarks in doublets under T', whereas the 
third generation is kept invariant. Such an assignment has several advantages. First of 
all, it allows to generate a mass for the top quark at the renormalizable level, whereas 
the masses of the bottom quark and of the tau lepton stem from operators suppressed 
by one power of the cutoff scale A. In our model the latter two masses are naturally 
of the same order of magnitude. Moreover, this choice of quark representations does not 
necessarily imply diagonal quark mass matrices, thus overcoming one of the major difficulty 
in extending to the quark sector. At the leading order only quarks of the second and 
third generations acquire masses and we can consistently describe m^, rric, rrib, rus and 
Vcb- To this purpose we need a set of scalar fields coupled to quarks, transforming non- 
trivially under T' and developing appropriate VEVs in order to break T' along the desired 
direction, the one left invariant by the generator T. We have explicitly verified that our 
model possesses these requirements. Masses and mixing angles of the first quark generation 
are produced via higher-order effects induced by higher dimensional operators, which are 
compatible with all the symmetry requirements of the model, but are depleted by inverse 
powers of the cutoff scale A with respect to the leading order contributions. Therefore 
the minimization of the full scalar potential, including all non-leading effects is a central 
aspect of our model, crucial for a correct description of light quarks. As a result of such 
a minimization, which we have detailed in the Appendix B, we find that in the parameter 
space of our model, extended by the introduction of higher dimensional operators, there is 
enough room to fit all the quark data. At the same time, some constraints remain and we 
get the two approximate relations ^/rrid/ms ~ \Vus\ and \fm^Jrns ~ |Vtd/\4s|. These are 
well confirmed experimentally within the predicted O(A^) uncertainty. 

In the lepton sector the model predicts a nearly TB lepton mixing [8], in very good 
agreement with the data. As in previous models based on ^4, such a mixing pattern is 
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produced by a special breaking of the T' group. At the leading order and in the charged 
lepton sector, T' is broken down to the subgroup generated by the element T. This implies a 
diagonal mass matrix for e, fi and r, with an hierarchy induced by the \J{1)fn component 
of the full flavour symmetry group. All the mixing originates from the neutrino sector, 
where T' breaks down to the subgroup generated by the element TST"^. The source of 
the TB lepton mixing is precisely the misalignment in flavour space between neutrino and 
charged lepton mass matrices [12]. A very important point of our model is that all sources 
of flavour symmetry breaking, including those pertaining to the quark sector, do not spoil 
the successful leading order result for the neutrino mixing angles. Indeed, higher order 
corrections modify such a mixing pattern only by terms of relative order A^, A ~ 0.22 
being the Cabibbo angle. Future oscillation neutrino experiments will test the model to 
this level of accuracy. 

All together we have five relations: three for the lepton mixing angles, with relative 
accuracy A^ and two for the quark mixing angles with relative accuracy A. In the absence of 
a theory concerning the origin of the higher order corrections, it seems difficult to improve 
these predictions from the theory side and the most stringent test of the model is still 
represented by an accurate measurement of 6*23 and ^13, at the A^ level. Additional tests 
of the model can be searched for in the context of rare processes, both in leptonic and in 
hadronic transitions. Depending on the type of SUSY breaking, an imprint of the assumed 
flavour structure might survive in the SUSY breaking sector and it might give rise to 
speciflc signatures on which we hope to come back in a future work. 
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8 Appendix A 



The matrices -S" and T representing the generators depend on the representations of the 
group: 

1 S=l T=l 
V S = 1 T = u 
I" S^l T = a;2 

2 S = Ai 
2' S = Ai 
2" S = A^ 



3 

where we have used the matrices 



-1 2uj 2a;2 
1 

2uj 2b? -1 



5 = - I 2^2 _i I T = 




1 / i 726^^^/12 \ . _ / 



We now report the multipUcation rules between the various representations. In the 
following we use to indicate the elements of the first representation of the product and 
/3i to indicate those of the second representation. Moreover a,b = 0, ±1 and we denote 
1° = 1, 1^ = 1', = 1" and similarly for the doublet representations. On the right-hand 
side the sum a + 6 is modulo 3. 

We start with all the multiplication rules which include the 1-dimensional representa- 
tions: 

1 (8) Rep — Rep ^1 — Rep with Rep whatever representation 



1" (g) 1^ = 1^ (g) 1" = 1"+^ = a 
1« (g) 2^ = 2** (g) 1" = 2"+'' = 



a (3 1 
a(32 



1' (g) 3 = 3 = a3^ 1" (g) 3 = 3 = 
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The multiplication rules with the 2-dimensional representations are the following: 

( \ -i \ 



2 (8) 2' = 2" ® 2" = 3 e V 



2®2" = 2' ® 2! 



I" 



2 3 = 2 © 2' © 2" 



2' (8) 3 = 2 © 2' © 2" 



2" (g) 3 = 2 © 2' © 2" 



2 (8) 2 = 2' (8) 2" = 2" (g) 2' = 3 © 1 with < 



J 



with < 



with < 



with < 



with < 



with < 



2" 

2 

2! 

2" 

2 

2! 

2" 



{ai/32 + a2(3i) 



\ 



, 1' = ai/32 - a2Pi 
( 



I 



(q;1^2 + Oi2^\) 



\ 



[ I" ^ai^2-CX2^l 

2 = 
2' = 



(1 + i)a2/32 + 0Li(3i 
(1 - i)a-v^2, - Oi2^i 
(1 + i)a2^2, + Oii^2 
(1 - i)ax^i - a2^2 
(1 + i)«2/3i + «i/33 
(1 - i)aij32 - Qi2/33 

(1 + i)a2^i + ai^2, 
(1 - i)aiP2 - tts/^s 
(1 + i)a2l32 + aiPi 
(1 - i)ai/33 - a2/3i 
(1 + i)a2(5'i + ai/32 
(1 - i)ail3i - a2/32 

(1 + i)a2/33 + ai/32 
(1 - i)ail3i - 02/32 
(1 + i)«2/3i + aiAs 
(1 - i)ail32 - 0:2/33 
(1 + i)a2(32 + ai/3i 
(1 - i)ai/3s - a2^i 



The multiplication rule with the 3-dimensional representations is 

3 ® 3 = 35 © 3a © 1 © 1' © 1" 
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where 



^ 2aif3i - tts/^a - "3/^2 \ ^ / "2/33 - ^3^2 

- j 2a3/?3 - tti/^a - a2/5i ^ 2 "^^^ ~ "^^^ 

2a2/32 - ai/33 - a3/3i / \ "a/?! - ai/33 



1 = ai/?! + 0:2/33 + «3/32 
1' = 03/33 + q;i/32 + q;2/3i 
1" = 0:2/32 + ai/33 + a3/3i . 



9 Appendix B 



In this appendix we discuss the subleading terms of the superpotential Wd and how they 
correct the VEV ahgnment. We work along the hnes of the Appendix B of [6]. 
The VEVs are shifted from the values 

{^s) = {vs,vs,vs) , (<^t) = K,0,0), (r/) = (i;i,0), (0 = « , (0 = , (r') = 
to the values 

{(fs) = {vs + Svsi,vs + Svs2,vs + Svs-i) , (v^t) = {vt + 5vti,5vt2,Svt3) , 
(77) = {vi + 5vi, 5v2) ,{0=u, {0 = , (^") = 6u" 

where the corrections 6vTi, Svsi, Svi, 6u and 6u" are independent of each other. Note 
that there also might be a correction to the VEV u, but we do not have to indicate this 
explicitly by the addition of a term 6u, since u is undetermined at tree-level anyway. 
We change the notation in eq. (31) a bit by defining 



93 = ^9l , 94 = -9I and 9s = i 9I 



such that the VEVs read 



vs = ^u, z;t = — and ^^i = ^=4 j2gM? + 3ggMM^ 

3^3 99 VS9899 V ^ 

where we have chosen the "+" sign for the VEV Vi. Apart from the subleading terms 

which are already presented in [B] we get 17 other invariants which involve at least one of 
the new fields 771,2, Vi,2 and 

/ 18 15 4 4 \ 

\i=14 i=13 i=l i=l / 
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with 



ifi = i(PT¥^T)"(,"C" = i<fT2¥^T2 + ^Tl'PT3 + ^T3^Tl)^"(," 

^15 = {'PTV)iVTV) = {{'^+'i')'fTim + 'PT3m){{'^-i)'fT2Vl-'PT3V2) 

- ((1 - i) V3T2??1 - fTZm) ((1 + i) ^Tim + V'TsVl) 

^16 = {'fTV)' {VtVY' = {{'^+i)'fT2V2 + ^TlVl){{'^-i)'PTim-'fT2V2) 

- ((1 - i)^T3Vl - ^Tim) ((1 +i)VTzV2 + ^T2m) 

III = iv e") i^T v) = e" im ((1 -i)^°T2m- VT3m) - m ((i + + ^tsVi)) 

2 

^18 = {'PTV^t)s ifT^") = 3 iifTl - 'PT2fT3)fT2 + ifT3 " V^T 1 V^T 2 ) V^T 1 + (V3t2 " V'T 1 V'Ts) V't s) ^' 

^fa = {'PsfsY W = {'PS3'PS3 + f 31^32 + fS2fSl)CC" 
^14 = ifsfsY iC" = ifS3'PS3 + fsi f 32 + ^32^^31) iC" 

^15 = {'PS^"){fsf3)3 = ^C" {^32(2^31^31-^32^33-^33^32) 

+ f33 (29^52 ¥^52 - iPsif33 - fS3f3l) + f31 i'2fS3fS3 - 'Ps 1 V^3 2 - fs 2 V'Sl)) 
I4 = iV3V3)'fe' = {^S3 + '2^31^32)fe' 

and furthermore the structures involving the driving fields r]^2 

11 = {^T^T){r]°r]) = {ip'^^ + 2ipT2^T3){VlV2-V2m) 

12 = {^Tri){rp ipr) = {{'^ + i)^Tim + ^T3m){{'^ - i)'ni^Ti- rilipT2) 

- ((1 -i)ipT2ril- VT3m) ((1 + ^) ^2 VT3 + Vl ^T2) 

13 = iv^") {rP Vt) = i" ivi ((1 -i)Vi^Ti- ril ^t2) - m ((1 + i) ^T3 + Vi ^T2)) 

14 = ivv)3{v%)3 = l{l + i)vl{ViV2 + V2Vi) + vlv2 + i'^ + i)vfv2Vi 

lY = (99T<^T)e'°e" = (V5Tl+2<^T2V5T3)C'°^" 

^2 = i^TV)' = ((1 + i)^T2V2 + ^TlVl)^'°m - ((1 - i)^T3Vl " V^T 1 ??2 ) ° ??1 

ll = {^3^3)"("^={^S2 + '2V31^33)^"( 

Ij = {^3^3)" e'i={Vs2 + '2^31^33)^"^ 

If we perform the analogous calculation as done in [6j, i.e. we only take into account terms which 
are at most linear in 5VEV and no terms of the order 0{6VEV/A) where A is the cutoff scale, 
and plug in the VEVs vt and vi, the equations take the form: 



23 



' hi + ^ [te + tj + ts) ] + — + [1 - t) — v^VT - 2vT { — h M ) — 



353A V 3~gi A ' ^ ^ A ^^^^ \ S J VI 

+ (m + ^^\ 5vti = ^ (54) 



+ (^M-^) <5^;r3 = (56) 
+ 2 S6 —^ + 352(5^ + 251 (2 (5usi -0^52- <)t^53) = (57) 



54 53 y A 

^^^^'^ sq- ^ss] + 3g2Su + 2gi {26vs2 - Svsi - dvss) = (58) 



53 " 2 7 A 

^^^^^ S6 + ^ S8 ) + 352 5n + 2^1 (2 Ji;53 - (5^51 - (5t;52) = (59) 



53 " 2 V A 

^n~^l^ + ^Su + 2g3 {6vsi + 6vs2 + fag 3) = (60) 
3 53 A 54 

7;Tfa2 - ~ "^^TS = (61) 
-^(l + i)n4t;? + y4 + 59fari = (62) 

~2 3 

%^ + M^5n" + 25iot;TfaT3 = (63) 
353 A 

As one can see the eqs. fl57f58ll59ll60|) do not get any contributions from the terms of Awd2, 
i.e. the shifts Svsi and 6u are the same as in the A4 model. The eqs. (1541155 [ l56|) are 
also correlated to the analogous ones in the A4 model. In order to see this one has to set 
the couplings appearing in Awd2 to zero and take into account that vt = — ^ in the ^4 
model such that -~2vt {^gvT + M) ^ vanishes and expressions like (M + i^^) 5vti are 
just —M6vti- With this at hand the eqs. fl54ll55[ 1561) fully coincide with the ones found 
in [6]. The last three equations are not present in case of A4 and they simply vanish, if the 
couplings and the VEVs of the fields only present in case of T' and not A4 are set to zero. 

Concerning the tuning we need in the parameter 6vt2, eq. dSD, it is easy to see that it 
is compatible with the structure of the above equations and, at the same time, it has no 
consequences on the other shifts of the VEVs. 
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